HUGNG DAN GIAI DE TOAN CHUYEN
LOP 10/2025 - PTNK TP HCM

V6 Qubc Ba Cén

Bai 1 (2.0 diéh). Cho phuong trinh x2 — 2(m 4 1)x + 2m = 0, v6i m 12 mot tham sé thue.
a) Chiing minh riing vdi moi s6 thuc m, phudng trinh ludn c¢é hai nghiém phan biét x; vi x,.

b) Ching minh ring x{ + x5 > 3.

c) Ching minh ring (xl +xi+ 1) (xz + x3+ 1) = 1 khi va chi khim = —1.

Huéng din gidi. a) Tacé A’ = (m + 1) — 2m = m? + 1 > 0 nén phuong trinh da cho ludn c6
hai nghiém phan biét x;, x,.

b) Ap dung dinh 1y Vieta, ta ¢ x; + x; = 2(m + 1) vd x,x, = 2m. Do do
xF+x3 = (x; +x2)% —2x1x2 = 4(m + 1> —dm = 4(m* + m + 1).
Tur day, ta suy ra
x] 4+ x5 = (x3 +x3)* —2x7x] = 16(m* + m + 1)* — 8m?.
Néu m? < %, thi ta c6
9

16(n” +m + 1)* = 8m? = [@m + 12 +3] —8m® z9—8m* 2 9-4 =5 > .

Con néum? > £, thitacé

9
16(m* +m+1)>—8m? = 4[m2+1+(m+1)2]2—8m2 >4m>+ 1) —-8m*> =dm*+4>5> 3

Tém lai, trong moi trudng hdp, ta déu ¢6 16(m? + m + 1) — 8m? > J. Vay x{ + x5 > 3.

c) Chli)?r?mg( x%+1+x1) (wxlz—i—l—xl) = ( x§+1+x2) (\/x§+1—x2) = 1. Do
dé, néu (xl +/x2+ 1) (x2 +/x2+ l) =1thi

Xo4 xi4+1=/x?+1—x. x1+\/xf+1=\/x22+l—xz.

Cdng hai drfmg thifc nay lai, ta duge x; + x2 = 0. Ngudc lai, rd rang néu x; + x» = 0 thi
(xl + x4+ 1) (xz +/x2 4+ 1) = 1. Nhu véy, ta cd (xl + /x2 + 1) (xz + x2 + 1) =1
khi vi chi khi x; + x, = 0. Ma x; + x, = 2(m + 1) nén diéu niy déng nghia véi ta phai c6 m = —1.
Ta c6 diéu phéi chitng minh. O
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Bai 2 (1.5 diém). Ngubi ta mudn ghi bén sé thuc & bén dinh ciia hinh vuéng ABCD (mébi dinh
mdt s6) thoéa mén:

e Bén sb dugc ghi 1a ddi mot phéan biét;

e Tong hai sb dudc ghi ¢ hai diu ctia canh AB 13 0;

o Tdng hai sb dugc ghi & hai dau clia ba canh con lai 14 ba gid tri phan biét 1, 2 va 3.
a) Hay chi ra m6t cdch ghi théa min cdc diéu kién trén.

b) Trong céc cich ghi théa min céc diéu kién trén, tim cich ghi cé tdng binh phuong clia céc
s6 6 bbn dinh 1a nho nhit.

Huéng dan gidi. a) Xét cich ghi sb 6 bén dinh A, B, C, D lan lugt 12 2, —2, 3, 0. Khi d6 tdng tit

cé cdc sb dudc ghi trén hai dAu cfia cic canh AB. BC, CD, DA lin lugt 14 0, 1, 3, 2. Do d6, cich ghi

sb nay théa min yéu cau dé bai.

b) Goi bén sé dugc ghi & bén dinh 4, B. C, D lin lugt laa, b, ¢, d. Theo gia thiét, tacéa + b =0

vib+c,¢c+d,d+ alamdthodn vicha 1, 2, 3. Do d6
1+24+3=0C+c)+(c+d)+(d+a)=(a+b)+2(c+d)=2(c+d),

tice +d =3.Suyrab + ¢, d + ala hodn vi ciia 1, 2. Khong mét tinh téng quat, ta cé thé gia sit
b+c=1vad +a=2.Khidé,tacé6c=1—-b=1+4+avad =2—a.Suyra

1\* 19 _ 19
A+ ++d>=a*+(—a)’+(1+a)+(2-a)’ =4a>-2a+5= (Za — E) —i—? z 5
Mit khic, véia = 1, b = —3. ¢ = 2, d = 7 thi cdc yéu cu cla bai todn dugc théa mén va
a® 4+ b* + ¢? + d? = L. Vay, gid tri nhé nhit chaa® + b? + 2 + d>1a 2. O

Bai 3 (2.0 diém). Cho céc sb nguyén duong m, n théa man m? + m + n? chia hét cho mn. (1)
a) Ching minh ring khong ton tai cdc sd nguyén ducng m, n thda man (1) khin = 3.
b) Tim tit ca cdc sb nguyén dudng m, n thda man (1), biét ring m chia hét cho .

c) Ky hiéu d 1a u6c chung 16n nhét clia hai s6 nguyén ducng m va n. Ching minh ring, néu
hai s6 nguyén duong m, n théa man (1), thi m = d>2.

Huéng dan giai. a) Gia st ton tai s6 nguyén dudng m, n thoa min yéu cau khi n = 3. Khi do, ta c6
m? + m + 3 chia hét cho 3m, suy ra 3 chia hét cho m, tic m € {1, 3}. Tuy nhién, khi thi lai, ta déu
thiy khong thda mén. Méau thuin nhan dudc cho ta két qué cin chitng minh.

b) Dit m = kn v6i k nguyén duong. Khi do, tit (1), ta ¢6 k?n? + kn + n? chia hét cho kn?, hay
k*n 4k +n chiahét cho kn. Suy ra k 4 chia hét cho kn. Twdé k +n > kn, hay (k—1)(n —1) < 1.
Ma (k —1)(n — 1) = Onén (k — 1)(n — 1) € {0, 1}.
Néu(k —1)(n —1) =1,thik =n = 2, hay m = 4, n = 2. Thit lai, ta thiy thoa mén.
Néu(k —1)(n —1) =0, thik = 1 holicn = 1.

e Véik =1, do k+n chia hét cho kn nén n+1 chia hét cho n. Tit d6 1 chia hét cho n, tifc n=1.

e Chiing minh tuong tu, véin = 1 thitacingcdé k = 1.
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Tém lai, trong trudng hop nay, tacé k = n = 1, hay m = n = 1. Thi lai, ta thiy théa man.

Vay, cdc ciip 86 (m, n) cin tim 1a (1, 1) va (4, 2).

c)Pitm = dx,n = dy vdi x, y nguyén duong va (x, y) = 1. Tir (1), ta ¢6 d?x? + dx + d?y?
chia hét cho d2xy, hay dx? + dy? + x chia hét cho dxy. Tir ddy, ta suy ra x chia hét cho d va dy?
chia hét cho d.

Do dy? chia hét cho x va (x, y) = 1 nén d chia hét cho x. Ma x chia hét cho d nén x = d. Suy ra
m = dx = d?. Ta co6 diéu phai chiing minh. O

Bai 4 (3.0 dié;n). Cho tam gidc ABC nhon ndi tiép dudng tron (0), c6 ZA > ZB > ZC. Ly
diém D trén cung nhdé AC cia dudng tron (0) sao cho CD > AB. Pudng trung truc ciia doan
thing DB cit duding thiing AB tai diém E; dudng trung truc clia doan thing DC cit dudng
thing AC tai diém F.

a) Chiing minh ring cic di€ém A, D, E, F thudc mot dudng tron va duding trdn nay di qua tim
O cia duong tron (0).

b) Chiing minh ring tam gidgc DBE va tam gidjc DCF dong dang, déng thai dudng cao qua
dinh D cla tam gidc DEF va dudng cao qua dinh A clia tam gidac A BC cét nhau tai mot
diém thude dudng tron (0).

c) Ky hiéu (1) 1a dudng tron tam I, di qua cc diém A4, D, E, F. Tiép tuyén ciia dudng tron
(1) tai diém O cit tiép tuyén clia dutng tron (O) tai diém D & diém S. Goi R 1a trung diém
ctia doan théng OD va K 1a giao diém thit hai ctia dudng thang S/ vdi dudng tron ngoai
tiép tam gidgc SDO (K # §). Ching minh ZRK D = 90° va dutng thing DK di qua trung
diém ciia doan thang I R.
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Huéng din giai. a) D& thiy tam giac BED can tai dinh E. Vi thé

/ZAOD =2/EBD = 180° — /BED = ZAED.
Chiing minh tuong ty, ta cling c6 LAOD = ZAFD.Dodé ZAOD = ZAED = ZAFD. Tu day, ta
suy ranam diém A, E, F, D, O cung thudc mot dudng tron.

b) Hai tam gidac DBE va DCF déu 1a hai tam gidc cén (tuong dng cén tai £ va F), ddng thdi thda
min Z/EBD = /FCD nén ching dong dang v6i nhau (g-g).

Biy gid, goi G 1a giao diém thif hai clia dudng cao ké tir dinh A clia tam gidc ABC va dudng tron (O).
Tacd LGDB = ZGAB = 90° — ZABC = 90° — %LAOC = /Z0AF = ZOEF.Ma OE 1 BD
nén DG 1 EF. Nhu viy, dudng thing DG chia dudng cao ké tit dinh D ctia tam gidc DEF. Ta c6
diéu phai chiing minh.

c) D& thiy tam gidge ODS vuéng tai dinh D. Goi H 1a trung diém ctia doan thing OS thi H 1a tim
clia duong tron (SDO). Tiép theo, véi chiy 10 = ID vi HO = HD, ta suy ra dudng thang /H 1a
dudng trung tryc ctia doan thing OD. Néi riéng, dudng thang [ H di qua diém R.

Dé thay hai tam gidc /DH va I OH bing nhau (c-c-c) nén tam gidc I DH ciing 1a tam gidc vudng.
N6i riéng, dudng thing /D la tiép tuyén ctia dudng tron (SDO).

Véi chii y ring /OK S = 90° va /TRO = 90°, ta chiing minh dugc tif gidc 7 K RO nai tiép. Suy ra
ZOKR = £0IR va ZKOD = KIR. Mit khic, ta cling co

/KDO = /KSO = /10K = /KRI.
Tur day, dé thiy hai tam gidgc KRI vi KDO dong dang (g-g). Suy ra /DKO = ZRKI. Nhu vay
#/DKR = /DKO — Z/OKR = /RKI — ZOIR = 180° — ZIOR — ZOIR = 90°.
Bay gid, goi T la giao diém ciia duting thing DK va dudng thing RI. Taco
ZTIK = Z/KIR = Z/KOR = ZIDT.
Tir déy, d€ thiy hai tam gigc T/K va TDI ddng dang (g-g). Suy ra i = ZB ‘hay T1? = TK - TD.
Dé théy hai tam gidc vudng K TR va RTD dong dang (g-g). Suy ra TX = IR ‘hay TR? = TK - TD.

Két hop véi két qua trén, ta duge T/ = TR, hay T la trung diém ciia doan thing /R. O

Bai 5 (1.5 die"}n). Cho bang & vudng kich thudc 2 x 9 va sb nguyén duong k < 18. Hai 6 ciia
bang dugc goi 1a ké bén néu chiing cé mot canh chung. Hai ban An va Binh choi trd “Truy Tim
Tau Ngim” nhu sau: Trude khi trd choi bit diu, An chon mdt 6 trén bang va khéng cho Binh biét.
O médi luct choi:

e An phai chon mdt  méi, k& bén véi 6 da chon trude dé, va khéng cho Binh biét;

e Sau khi An chon xong, Binh chon k 6 ctiia bang va hoi An: trong k 6 nay c¢6 & An viia chon
hay khéng? Néu ¢ thi Binh thing, néu khong thi hai ban lai choi ludt tiép theo.

a) Xétk = 4, chiing minh riing Binh c6 thé thang sau khong qud 8 lugt chai.

b) Xét k = 2, chiing minh riing Binh c6 thé thing sau khéng qua 16 lugt chdi.

Hudng dan giai. DE cho tién, ta danh sé cdc hang tif trén xudng dudi 1a 1, 2 va cdc cot tir trdi sang
phdilal,2,...,9.Kyhiéud (i, j)1a 6 vudng & hang thii i va cot thi j.
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a) Ta sé chi ra chién thuat d€ Binh c6 thé thiing sau khéng qud 8 lugt chdi. Olugtthi i vail <i <8,
Binh sé chon bang bbn 6 vudng & bang con 2 x 2 gidi han bdi cot thi i va cot thi i + 1.

Sau lugt thif nhit, néu khéng c6 6 vudng An vita chon thi 6 vudng dé sé thudc cot thif ba trd di. Lic
d6, & vudng tiép theo An chon sé thudc cot thit hai (An c6 thé chon 6 nay néu 6 An chon trudc dé & cot
thit ba) hodc thudc pham vi tit cot thi ba trd di.

Sau ludt thit hai, néu khoéng ¢6 & vudng An vita chon thi & vudng do6 sé thudce cdt thit tu trd di. Lic dé,
6 vudng tiép theo An chon sé thudc cdt thit ba (An c6 thé chon 6 nay néu 6 An chon trude dé & cot thit
t) hoac thude pham vi tit cét thi tu trd di.

Cit tiép tuc nhu viy, c6 thé thiy ring chic chin sau khong qué 8 ludt thi Binh sé thing.

b) Ta sé chi ra chién thuit dé Binh ¢6 thé thing sau khéng qua 16 luct choi. O lugt thii i véi 1 <i < 8,
Binh s& chon hai & vuéng (1, i) va (2, i + 1); con & lugt thit { v6i 9 < i < 16, Binh sé chon hai 6
vudng (2, i —8) va (1, i —7).

Goi (xy, y1) 1a 6 ma An chon & lugt diu tién. Xét cic trudng hop sau.

Truding hgp 1: x; + ¥, chdn. Ta sé chiing minh An thua sau khéng qud 8 ludt diu chon 6 ciia Binh.
Gia st khong phai nhu vdy.

Néu (x1, y1) € {(1, 1), (2, 2)} thi Binh thing 6 ngay ludt dau tién. Do dé (x5, y1) & {(1, 1), (2, 2)}.

Gia st (x1, y1) = (1, 3). Néu & lugt tiép theo An chon & (1, 1) ho#ic (2, 3) thi Binh sé& thing & ludt
thii hai, mau thudn. Do d6, An chon & (1, 4) & Iugt thit hai ctia minh. Sau khi Binh chei Iugt thi hai, ¢6
thé thiy 6 tiép theo An chon khéng thé 13 6 (1, 3) hoiic & (2, 4), néu khong thi Binh sé thing & ludt
thd ba, miu thuin. Do d6, An sé chon 6 (1, 5) lugt tiép theo ctia minh. Cd tiép tuc nhu vy, ta thdy An
chi ¢6 thé “nhich” sang phai méi 1an ma thoi. Pén lugt thd by, & An chon sé 1a 6 (1, 9). Thé thi sau
khi Binh choi lugt thi bay thi An s& phai chon mét trong hai 6 (1, 8) hodc (2, 9) va Binh sé thing &
lugt thif tdm, mau thudn. Do dé (x1, y1) # (1, 3).

Sau khi Binh choi hai lugt thi An sé chon mét 6 (x2, y2) nao dé ma x» + y» chan, lic nay ta co thé coi
nhv trd choi dudc bit ddu lai tir ddu véi bang 2 x 7 va 6 An chon ¢6 toa do mdi 1a (x2, y, — 2) trong
bang m&i niy. Tinh chét clia toa dd mdi khong thay ddi.

Sau khi Binh choi hai lugt tiép theo, trd chai s& dua v& xét vdi bang 2 x 5. Réi sau khi Binh chdi hai
lugt tiép theo, trd chai s& dua vé xét véi ban 2 x 3. Lic nay, trong bang 2 x 3 méi nay, néu 6 An chon
126 (1, 1) hoiic (2, 2) thi Binh sé thiang ngay sau d6 (tudng ting vdi ludt thi bay tinh tit lic diu), mau
thudn. Do dé, 6 An chon 13 6 (1, 3), nhung lic nay 6 tiép theo An chon sé 12 6 (1, 2) hodc (2, 3) va
Binh sé thing lugt thit hai k€ tir lic choi véi bang 2 x 3 (twong dng véi lugt thit tim tinh tir lac diu),
méu thudn. Tit mau thudn nhéin dude chitng té Binh sé thing sau khéng qua 8 lugt choi diu.

Trudng hop 2: x; + y; [é. Néu sau 8 lugt dau ma khong thing, Binh c6 thé suy luin dudc ring 6 An
chon ltic dAu thda min x; + y; 18, va sau 8 lugt thi 6 An chon & 12 6 (x,. y,) ciing théa min x, + y,
18. Liic nay, bing cach choi nhu chién thudt da néu va ching minh tuong tu, ¢ thé thiy Binh sé thing
sau khéng qud 8§ ludt niia. O

Trén ddy chi la hudng ddn gidi vdn tdt, hoc sinh cdn trinh bay chi tiét cdc ldp ludn ciing nhi chitng
minh lgi cdc két qud ngoai sdch gido khoa khi sit dung.






